Abstract A dynamic study was performed on a structure consisting of two three-dimensional linearly elastic bodies connected by a thin soft nonlinear Kelvin-Voigt viscoelastic adhesive layer. The adhesive is assumed to be viscoelastic of Kelvin-Voigt generalized type, which makes it possible to deal with a relatively wide range of physical behavior by choosing suitable dissipation potentials. In the static and purely elastic case, convergence results when geometrical and mechanical parameters tend to zero have already been obtained using variational convergence methods. To obtain convergence results in the dynamic case, the main tool, as in the quasistatic case, is a nonlinear version of Trotter's theory of approximation of semigroups acting on variable Hilbert spaces. The limit problem involves a mechanical constraint imposed along the surface to which the layer shrinks. The meaning of this limit with respect to the relative behavior of the parameters is discussed. The problem applies in particular to wave phenomena in bonded domains.
Introduction
The aim of this study is to perform a mathematical analysis of the so-called bonding problem in the case of two massive linearly elastic solids connected by a thin soft nonlinear Kelvin-Voigt viscoelastic adhesive layer. The two solids are the adherents, and the thin layer is the adhesive consisting of glue or a weld, for example. In the static case, models of this kind, which are classically referred to as the junction problem, describe how this bonded structure behaves when the thickness of the adhesive is smaller and smaller. The key point addressed here in order to obtain a simplified but sufficiently accurate model is determining the conditions under which the thickness of the adhesive, which is very small in the physical problem, can be "approximated" by zero, the model itself and its accuracy being given by a convergence result. From this point of view, these bonding problems are very similar to the problem of justifying models for plates or shells. In the dynamic case, bonding problems mostly deal with vibrations or wave phenomena concerning in particular the transmission of acoustic waves through the thin layer. The field of applications is very wide, ranging from seismology to nondestructive testing. The results obtained can usually be applied to detect the damage or delamination of the thin layer.
The first models for thin adhesive layers were developed in the fifties by physicists (see for example [1] ), and in the first rheological models in the field of seismology, the adhesive layer was replaced by an areal distribution of springs. Although these models were widely used, their range of applicability was not established, which was not an easy task in dynamics, nor was the physical behavior of the layer, even when the values of the parameters were improved by making comparisons with experimental data. Although the use of finite element calculations recently made it possible to take complex behavior of the adhesive into account [2] , it was still difficult to interpret the adhesive as an interface constraint, and the thinness of the mesh required in the adhesive made the problem increasingly unwieldy, so that dynamic studies on large time intervals were practically impossible, or led to more and more ill-conditioned numerical problems as the adhesive became increasingly thin.
Models for bonding problems supported by mathematical justifications are always based nowadays on asymptotic analysis. Up to very recently, only the static case has been dealt with in this way. The basic tools used for this purpose were the same as those used to justify structural models. In the linearly elastic case, asymptotic expansions were inserted into the equilibrium equations, which led to families of problems depending on the thinness. Based on studies on these families, convergence results were obtained by making the thinness parameter tend to zero. This approach has yielded a large number of results relating to the theory of structures, homogenization and bonding problems. But the mathematical foundations of the analysis have gradually changed. Even when the results had already been obtained, as in the proof of the equilibrium equations for thin linearly elastic structures, the use of asymptotic expansions has gradually been replaced by that of variational convergence methods [3] . These methods consist basically in establishing the convergence of a sequence (F n ) of energy functionals towards a functional F ∞ , in such a way that the minima and the minimizers of the F n are also converging towards those of F ∞ . As a basic tool, this convergence requires the proof that some lower and upper bounds of sequences of bounded energy do coincide. Now the use of variational convergence has yielded new results for bonding problems, first in the framework of general nonlinear elasticity with superlinear growth of the energy density [4] , which was previously only obtained formally using asymptotic expansions, and then for the case of linear growth of the energy density, which includes some models of cracks or plasticity [5] .
But since variational convergence is closely related to minimization problems, it can give convergence results only in the case of equilibrium problems, and other theoretical tools are required for analyzing quasistatic and dynamic problems. These tools have been given by Trotter's theory of convergence of semigroups of operators acting on variable Hilbert spaces [6] . In short, Trotter's theorem states that if the equilibrium problems converge, then the corresponding evolution problems will also converge, which seemed to be particularly relevant in the case of the dynamic analysis of bonding problems since the static case has already been dealt with using variational convergence methods. This approach was first presented in [7] in the case of a linearly elastic adhesive. The main qualitative result was not only that the thin layer can be replaced by a mechanical constraint, but also that this constraint is the same as that obtained for the limit of stationary bonding problems. Since we were strongly motivated by physical considerations as regards the behavior of the adhesive, it was proposed to deal with the dissipative case, focusing in a first step for the sake of clarity on the case of thin soft viscoelastic layer of the nonlinear Kelvin-Voigt type. The more general case of a generalized standard material [8] , [9] will be treated in a forthcoming study. This paper consists of the following main sections:
• The elastodynamic problem is stated in section 2. The geometry of the domain, the behavior of its various constituents, and the set of parameters of interest are presented. The dynamic equations are then given in the classical local and weak forms.
• In section 3, the problem is rewritten in the form of a nonlinear evolution equation posed in a parametrized Hilbert space of possible states with finite energy. Since this equation is governed by a maximal monotone operator, existence and uniqueness follow.
• The next section deals with the asymptotic analysis, which is the main part of this study. It is performed in several steps, starting with some assumptions about the parameters, and arriving at the convergence in the sense of Trotter of the solutions to the sequence of nonlinear evolution equations.
• Lastly, the limit problem is given. In particular, the mechanical constraint, which can be used instead of the thin adhesive layer, is given explicitly, and discussed in terms of the relative asymptotic behavior of the geometrical and mechanical parameters.
Setting the problem
As usual, we make no difference between R 3 and the physical Euclidean space, the orthonormal basis of which is denoted by { e 1 , e 2 , e 3 }, and for all ξ = (ξ 1 , ξ 2 , ξ 3 ) in R 3 , b ξ stands for (ξ 1 , ξ 2 ). We will study the dynamic response of a structure consisting of two adherents connected by a thin adhesive layer, which is subjected to a given load. More specifically, the reference configuration of the structure is a bounded connected open subset Ω of R 3 with a Lipschitz-continuous boundary ∂Ω. Its intersection S with { x 3 = 0 } is assumed to have a positive two-dimensional Hausdorff measure H 2 (S), and it is also assumed that there exists ε 0 > 0 such that B ε0 := { x ∈ Ω; |x 3 | < ε 0 } is equal to S ×(−ε 0 , ε 0 ). Let ε < ε 0 , then the adhesive occupies the layer B ε while each of the two adherents occupies Ω ± ε := { x ∈ Ω; ±x 3 > ε }, and let
Adherents and adhesive are assumed to be perfectly stuck together along
The structure is clamped on a part Γ 0 of ∂Ω, with H 2 (Γ 0 ) > 0, and is subjected to body forces in Ω and surface forces on Γ 1 = ∂Ω \ Γ 0 having densities f and g, respectively, during the time interval [0, T ]; let Γ ± 0 = Γ 0 ∩ { ±x 3 > 0 }. The adherents are modeled as linearly elastic materials with a strain energy density W such that
where S 3 is the space of (3 × 3) symmetric matrices with the usual inner product and norm denoted by · and | | (as for R 3 ), and Lin(S 3 ) denotes the space of linear mappings from S 3 into S 3 . The adhesive is assumed to be homogeneous, isotropic and "viscoelastic of Kelvin-Voigt generalized type". Its strain energy density reads as: 
e. x in Ω, the density γ of the structure is
Hence, the problem of determining the dynamic evolution of the structure involves a quintuplet s := (ε, λ, µ, b, ρ) of data and the equations satisfied by the fields of displacement u s and stress σ s are: is the identity matrix of S 3 , e(u) is the linearized strain tensor associated with the vector field u (the symmetric part of ∇u, the gradient of u) and, from now on, ∂J(v) will systematically denote the subdifferential at v of any lower semicontinuous convex function J, while DJ(v) denotes the differential at v of any Fréchet-differentiable function J. A "formally equivalent" formulation of (P s ) will clearly be 
for all v sufficiently smooth in Ω and vanishing on Γ 0 .
We will use this formulation which results directly from the principle of virtual power to show in the next section that (P s ) has a unique solution in a suitable sense and, in section 4, to study the asymptotic behavior of u s when s, which is regarded as a parameter, tends to its natural limit. In what follows, C denotes various constants which can differ from one line to another.
Existence and uniqueness
where, for any Banach space X, BV (0, T ; X) is the subspace of L 1 (0, T ; X) consisting of all the elements whose time derivative in the sense of distributions is a bounded X-valued measure on (0, T ), and BV (2) (0, T ; X) is the subspace of BV (0, T ; X) consisting of all elements whose time derivative in the sense of distributions belongs to BV (0, T ; X).
We seek u s having the form
where u e s is the unique solution to u
where
and where H 1 Γ0 (Ω; R 3 ) is the closed subspace of H 1 (Ω; R 3 ) consisting of the elements with vanishing traces on Γ 0 . Note that this notation W 1,q g (G; R n ) will be systematically used for any
The remaining part u r s of u s will therefore satisfy an evolution equation governed by a maximal monotone operator A s defined in a Hilbert space H s of possible states with finite total mechanical (kinetic + strain) energy. The space of velocities, L 2 (Ω; R 3 ), is equipped with the following inner product k s and the square of norm K s associated with the true kinetic energy:
while the space of displacements,
, is equipped with the inner product φ s defined in (3.3), which is equivalent to the usual one by Korn inequality. Hence
where, for all U = (u, v) and
in H s , the inner product and norm are
while A s is defined by
(3.9) Proposition 3.1.
The operator A s is a maximal monotone operator and, for all
and hence the monotonicity of A s stems from that of ∂D. 
that is to say, v s is the unique minimizer on H 
Then, taking into account (H1), (3.1), (3.2), (3.5), (3.9), it can be checked straightforwardly that (P s ) is " formally equivalent" to
where 
which does satisfy
(3.14)
Asymptotic behavior
We will now present a simplified but accurate enough model for the initial physical situation by determining the asymptotic behavior when the quintuplet s of geometrical and mechanical data is regarded as a quintuplet of parameters taking values in a countable subset of [0, +∞] 5 with a unique cluster point s. Moreover, taking into account the low thickness and stiffness of the layer and the fact that its density may be low, we assume:
Note that λ, µ, ρ may remain bounded. Assumptions (H2), iv)-vi) say that the stiffness and density are not "too low", and in addition (H2), v)-vi) are appropriate from the mathematical point of view for stating some convergence results in standard functional spaces.
A candidate for the limit behavior
From a previous study [10] on the quasistatic evolution of a thin dissipative layer, it is easy to guess what the limit behavior may be, and we therefore introduce the following concepts. We will bring out three cases indexed by I : 
As in the previous section, the expected limit of u s will be the sum of I u e and some I u r solution to an evolution equation set in the following framework.
The space of velocities, L 2 (Ω; R 3 ), is equipped with the following inner product k and square of norm K equivalent to the usual ones and associated with the "limit" kinetic energy:
while, the space of displacement, I H 1 , is equipped with the inner product I φ so that the Hilbert space of possible states with finite mechanical energy is
where, for all U = (u, v) and U ′ = (u ′ , v ′ ) in I H, the inner product and norm are
Denoting the limit dissipative function in L 2 (S; R 3 ) by
where I C is the indicator function of any convex set C and
where it is assumed that:
we can define the evolution operator
I
A by: 
We are now in a position to introduce an evolution equation in I H which will describe the asymptotic behavior of u s :
where I U r 0 will be specified later on and
As with (3.11) (3.12), a classical result of [11] gives 
and the first line of (4.10) holds almost everywhere.
We set:
Convergence
To prove the convergence of u s toward I u = I u e + I u r , we will use the framework of a nonlinear version of Trotter's theory of approximation of semigroups acting on variable spaces (see the Appendix of [12] 
In fact, recalling that B ε = S × (−ε, ε), ∀ε ∈ (0, ε 0 ), we have the following estimate:
2 is the trace on S of ±(u a ) ± = sgn x 3 u a , simply integrating with respect to x 3 therefore gives the result required.
Hence, when I = 1, the convexity of W λµ and Lemma 4.1 yield
which proves i). To establish ii), it suffices to note that ˆB
. When I = 3, i) and ii) stem immediately from the boundedness of λ, µ, so that in the intermediate case I = 2, it suffices to combine the previous arguments.
Next, we will say that:
Even if this notion is the "right one" from the mechanical point of view, it is useful to relate this convergence to some classical ones as stated in the following Proposition 4.3. First, let us recall that for all sets G contained in Ω, 1 G denotes the characteristic function of G and that
is a bounded measure on Ω } are Banach spaces. We shall also say that: 
Proof. It is divided into two main steps.
Step 1: proof of points i) -iii). (Ω η ; R 3 ) for all positive η which consequently complete the proof of point i). Next, point iii) results from (4.17), (4.18) and Hölder inequality, and Lemma 4.1 when I < 3 or
Step 2: proof of points iv) -viii). To establish the other convergences we take into account the special geometry of B ε0 : To prove that (ǔ s ) also τ -converges, we introduce a kind of translation operator T ε for ε ∈ (0, ε 0 ) which is linear continuous on
3 ) and defined by:
Then, equation (4.14) and the weak convergence of (u s ) in toward u ± . In addition, since the traces on S ± ε of u s are the traces on S of (T εǔs ) ± , we deduce that, considered as elements of L 2 (S; R 3 ), they converge strongly in L 2 (S; R 3 ) toward the traces on S of u ± , which establishes point v). We can improve the convergence result ofǔ s and consequently obtain the τ -convergence result given at point vi) by duly accounting for (H2)-iv). For all w in H 1 Γ0 (Ω; R 3 ) we classically have We will now conclude by using a suitable nonlinear version (see Appendix of [12] ) of Trotter's theory of approximation of semigroups of linear operators acting on variable spaces [6] 
. Let u n and u be the weak solutions to the equations:
Thus, to prove the convergence in the sense of Trotter of U s toward I U uniformly on [0, T ], it suffices to make a suitable additional assumption about the initial state and to establish the following two propositions:
Actually, to establish Proposition 4.5, which takes into account the external loading (f, g), we need an additional assumption:
where r was defined in (H2)-vi).
Assumption (H4)-i) says that if ρ tends to zero then f has to be a little more smooth than L 2 (Ω; R 3 ). Note that in most previous studies on static and quasistatic cases, the support of f is assumed to be located outside B ε0 , so that (H4)-i) is satisfied. On the other hand, in practice, the body forces reduce to the weight where f = −Cγe
says that the support of g is outside B ε0 and that if the lower adherent is not clamped, there are no surface forces imposed on its boundary. This will mean that u e s converges toward u e .
proof of proposition 4.4:
The proof is obtained in four steps. The main idea is to take advantage of Proposition 3.1 and of (4.9) and to establish the variational convergence of 
Proof. This proof is similar to that of Proposition 4.3, except that weak convergences take place due to the initial assumption: , i ∈ { 1, 2, 3 }, then it suffices to let s tend to s (with i = 3 for I = 2, i = 1, 2, 3 for I = 3) in the identitŷ
by accounting duly for ε´B 
and we conclude with assumption (H3) and the Hölder inequality. For all positive h, there exists w h such that w
(Ω ± ; R 3 ) and
while the subdifferential inequality yields: 
Proceeding as previously we obtain (Ω 
The first condition is a compatibility condition between the initial state and the initial loading conditions; and the second is a convergence condition which, because of Proposition 4.4, is satisfied by To illustrate our intention, keeping nevertheless the discussion within reasonable limits, we considered the case of a layer with an isotropic Hooke-like strain energy and a potential of dissipation involving only one viscosity coefficient which, in the purely elastic case, yield a decoupling of the tangential and normal effects in the limit constraint. It would be straightforward to deal with the general case where the density of the strain energy and that of the potential of dissipation are a quadratic convex function W and a convex function D with growth of order p, respectively. The limit constraint will then involves terms stemming from W , where W and D describe the asymptotic behavior of the functions 2εW (·/2ε) and 2εD ∞,p (·/2ε). We recalled in the introduction that more general behavior of the adhesive including models of cracks and plasticity have been taken into account in the case of equilibrium problems, but this remains to be tackled in the dynamic case. Our method can be applied to the case of a generalized standard material with a coercive quadratic energy density. This will be the subject of a subsequent paper.
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